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311. 


ON A THEOREM OF ABEL'S RELATING TO EQUATIONS OF 
THE FIFTH ORDER. 


[From the Philosophical Magazine, vol. xxt. (1861), pp. 257—263.] 


THE following is given (Abel, Œuvres, vol 11. p. 253 [Ed. 2, vol. 11 p. 266]) as 
an extract of a letter to M. Crelle: 


“Si une équation du cinquième degré, dont les coefficients sont des nombres 
rationnels, est résoluble algébriquement, on peut donner aux racines la forme suivante, 


Mord 3 Liu Ne inst s 1 3 £2 
æ=C+ Aa a. as + 4,a aa a + A,0,5a,a50,? + A,0,5a5a,50,» 
où 


a =m—nVv1l+ e+ JA (1 3-6 — V14 e), 
a= m+nVité-Vi(irer vite) 
a,=m—nV1+e— Jh (1 e — 136), 
A =K + K'a + K+ Kam, A, — K + K'a + K"a, + K"ajya, 
4A,-— K -- K'a, + Ka + K”aa,, A, — K 4 K’a,+ K"a, + Kaas. 
Les quantités c, h, e, m, n, K, K', K”, K” sont des nombres rationnels. 


“Mais de cette manière l'équation a5-rFacz--b —O n'est pas résoluble tant que a 
et b sont des quantités quelconques. J'ai trouvé de pareils théorèmes pour les équations 
du 7ème, J1ème 13ème Ko, degré. Fribourg, le 14 Mars, 1826.” 


The theorem is referred to by M. Kronecker (Berl. Monatsb. June 20, 1553), but 
nowhere else that I am aware of. 
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It is to be noticed that in the expressions for a, di, «,, a3, the radicals are such 
that 1 : 
VireVi(+rer vire) Vire Vire)=he(l+e), 


a rational number. 


The theorem is given as belonging to numerical equations; but considering it as 
belonging to literal equations, it will be convenient to change the notation; and in 
this point of view, and to avoid suffixes and accents, I write 


a = 0+ Aa Byt + BBD a + Cytdtatat + Daisy, 


where 
a=m +nVO+Vp4+qVO, 


B=m-nvð +Vp-q~0, 
y—m-4nN8- Vp+ qv8, 
=m- nyO —-Vp— 9 v0; 
the radicals being connected by 
VOVp+qVOVp-qVO=s, 


and where 
A = K + La + My + Nay, B=K+I8+ Mò+ NS, 


O = K + Ly + Ma + Nay, D=K + L+ MB + NB, 
in which equations 0, m, n, p, q, 9, s, K, L, M, N are rational functions of the 
elements of the given quintic equation. 


The basis of the theorem is, that the expression for z has only the five values 
which it acquires by giving to the quintic radicals contained in it their five several 
values, and does not acquire any new value by substituting for the quadratic radicals 
their several values. For, this being so, æ will be the root of a rational quintic ; and 


conversely. 
Now attending to the equation 
VO Mp + q V8 Vp — q WO =s, 
the different admissible values of the radicals are 
V8, 4p-qW8,  J4p—qw8, 
-w6, p=, Vp vai 
VB. Noire Liye 
Ve, -4p-qV8, Vp+4v8 
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corresponding to the systems 


a, B, fy: ò, 
B, Y, 8, a, 
Y, ò, a, B, 
&,51977 «y, ^D; 


of the roots a, 8, y, à; ie. the effect of the alteration of the values of the quadratic 
radicals is merely to cyclically permute the roots a, B, y, à; and observing that any 
such cyclical permutation gives rise to a like cyclical permutation of A, B, C, D, the 
alteration of the quadratic radicals produces no alteration in the expression for z. 


The quantities a, 8, y, à are the roots of a rational quartic. If, solving the 
quartic by Eulers method, we write 


a=m+VF+VG4+ VH, VFGH - v, a rational function, 
B=m—VF+VG—VH, 
y= m+ M Fie VG—*VH, 
S=m—VF-VG+VH, 

then the expressions for F, G, H in terms of the roots are 
(a y—8—99, (a -8B—y—89*, (a+8— 8-7, 

which are the roots of a cubic equation 

| w — Xu? + pu — = 0, 


where A, u, v are given rational functions of the coefficients of the quartic. We have 


VG + VH - UG X Hy =VG+ H+ 2VGH -y x PVF, 


so that, taking © =F, the last-mentioned expressions for a, 8, y, à will be of the 
assumed form 


a=m+ VO + Vp + q VO, &e. 
The equation 

VO Vp+qVOVp—qvO=s 
thus becomes 

VFV(G—H)=s, or F(G— Hy-s'; 
that is, 

—P-F(F-4-G--H)—2FGH =$ ; 

or, what is the same thing, and putting © for F, 


-A0 + (= y) 6 2 3v — s. 
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Hence in order that the roots of the quartic may be of the assumed form, 
a— m- VO + p+q V6, &c., 
where m, p, q, O are rational, and where also 
VO Jot ES) Jp —qV@=s, a rational function, 


the necessary and sufficient conditions are that the quartic should be such that the 


reducing cubic 
w—rAwW+ pu — n° = 0 


(whose roots are (4-8 —y— 8), (a--y —8 —8y, (a+8—/B—y}) may have one rational 
root ®, and moreover that the function 


— 0? + (X? — p) 8 — 3v 


shall be the square of a rational function s. This being so, the roots of the quartic 
wil be of the assumed form Fy diia 
a —m + VO + Vp + 9 6, &c. ; 


and from what precedes, it is clear that any function of the roots of the quartic 
which remains unaltered by the cyclical substitution a8yô, or what is the same thing, 
any function of the form 

$(2, B, v, 8) +G(B, v, à, a)+ (v, à, a, B)+P(8, a, B, v) 
will be a rational function of m, ©, p, q, s,:and consequently of the coefficients of the 
quartic. The above are the conditions in order that a quartic equation may be of 
the Abelian form. 


It may be as well to remark that, assuming only the system of equations 
a=m+VO+NVT, 
B- m — V8 4 VT" 
y=m+VvO—-NVT, 
86—m-wv9-wT', 
then any rational function of a, 8, y, à which remains unaltered by the cyclical sub- 
stitution aj948 will be a rational function of 8, T+T, TY, VTT (T-T), V6 (T — T^, 
VO VTT. In fact, suppose such a function contains the term 
(VO) (VT WT); 
then it will contain the four terms 
( Vp VTP VT’), 
(= Vy C. Type oy, 
( V9) (— WT)? (— VY), 
(— VO) (- VTC VT), 
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which together are 
(VS) ((1-- (=P 1) WTF Pr + (D C1 HO 1] QD) PY}, 


an expression which vanishes unless (—)}, (—)Y are both positive or both negative. 
forms to be considered are therefore 


(sibi. n 
+ + + 
+ + 


)b up 


The first form is [ Ne e i 
(VO) (VTF (V^ + (VTP (VT), 


which, a, 8, y being each of them even, is a rational function of ©, T+ T", TY. 


The second form is 


(vO) (VTE (V T^ — (VTE (V T^y, 
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The 


which, a being odd and 8 and y each of them even, is the product of such a 


function into V9 (T — T"). 


The third form is 
(VO) (VTP (VT) — (VT) WTF), 


which, a being even and 8 and y each of them odd, is the product of such a function 


into VTT’ (T — T^. 


And the fourth form is 
(VO) (WT (T^v + (VT) WTE}, 


which, a, 8, y being each of them odd, is the product of such a function into VO (T — T^). 


Hence if T = p + q 8, T =p—qV® and VO Vp+qVO0 Vp —qVO=s, then 
6, T+T (=), Tr'-p-g9 9) VTT T-M (= 4, 
VO (T — 1") (= 290), and VO VTT (— s) 


are respectively rational functions. This is the @ posteriori verification, that with the 


System of equations 

a=m + WO 4- Jp 4 q V8, &e., VO Vp +9 V6 Vp -q V8 =s, 
any function 

p(a, B, y, 8) - $ (B, y, à, a) + (y, à, à B) - (8, a B, v) 


IS à rational function. 
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The coefficients of the quintic equation for æ must of course be of the form just 
mentioned; that is, they must be functions of a, 8, y, à, which remain unaltered by 
the cyclic substitution a/9y8. To form the quintic equation, I write 


6—xz=a, 
ABS =b, Dd aiBiyt=c, Bey Stat=d, Cy diate =e; 


then we have 
0O=~a+bic+d+e, 


and the quintic equation is 
Jl fo fo? fo fot = 0, 
where w is an imaginary fifth root of unity, and 


fo = à + bo + co? + dw? + eo*. 


'^ We have 


fo fo = Xa? + (e + of) Zab + (w° + w°) Z'ac, 
fo? fe? = Xa? + (w+ w) Zab + (w + w*) X'ac, 
where >’ is Mr Harley’s cyclical symbol, viz. 
X'ab = ab + bc + cd + de + ea ; 
and so in other cases, the order of the cycle being always abcde. This gives 
fo fa? fa? fot = Xa* + ab? — Zab + 2Xa?bc — Xabcd — 5X/a? (be + cd) ; 
and multiplying by f1, — Xa, and equating to zero, the result is found to be 
Za — 5abcde — 5X/a? (be + cd) + 5X/a (be + ed’) 20; 


or arranging in powers of a, this is 
a? 
+a. —5(be +cd) 
+a. Sbe +cé +ed+db) 
5(be +ce +ed+d'b) 
ta 5 (be + cd? — becd) 
b5 + +e d” 
+ — 5 (b’de + cbd + ecb + dec) 
+5 (bde + cb*d? + ec*b? + dec) 


— 


the several coefficients being, it will be observed, cyclical functions to the cycle 
b, 6, e, d. 


www.rcin.org.pl 


TO EQUATIONS OF THE FIFTH ORDER. 61 


Putting for a its value — (æ — 0), and for b, c, d, e their values, the quintic equation 


311] 
in æ is 
(a — 0y 
+ (x — 0). 
+ (x — 0Ÿ. 


T y 5 (A'DBYÈ + BAy&a + C! B6w 8 + DCaßy) aByù 
+ (& — 


where as before 


| — 5 (A3BOy8 + BCD8a + C*DAaB + D:ABBy) 88 


—5(AC + BD) aByé | 
—5(A*ByS +BCda +C*DaB +D*ABy ) agy8 


+5(4°2C +BD? —ABCD)ege? 
( — (A*8y9 + BryS a? + Cou? + Dag ) aByd 


| + 5 (A BCa5 + BO:D'Ba + CD A*yB + DE*A%a) 8*8 | 


A =K + La + My + Nay, 
B =K + LB + Mò + N88, 
C =K _+ Ly + Ma+ Nya, 
D=K+L5+MB+ N88 ; 


and the coefficients of the quintic equation are, as they should be, cyclical functions 


with the cycle aByé. 


2, Stone Bwildings, W.C., February 10, 1861. 
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